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Localization of the Spectrum of Transfer
Matrix of Ising Model
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Received January 11, 1985, revised August 21, 1985

The description of the whole spectrum of the multiplicative clustering operator
Z in terms of its bound states is given. Namely, it is shown that

() =0lI(T1)] (0.1)

where 5%, is the space of bound states of the operator 7 and I is the second
quantization operation.
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1. INTRODUCTION

The (v + 1)-dimensional, v > 1, Ising model is the most investigated system
of statistical mechanics, but many problems concerning it remain unsolved.
Among them is the problem of spectral analysis of its transfer matrix 7.

The transfer matrix was introduced by Onsager for the two-dimen-
sional Ising model as a useful tool of investigation of a completely
integrable system of statistical mechanics!”. ‘After the appearance of
euclidean strategy in the quantum field theory, the transfer matrix has
taken a new meaning.® Its spectrum describes the “particle structure” of
the lattice model of quantum field theory. Investigations of transfer matrix
from this point of view were started by Minlos and Sinai.®’ They gave an
idea about multiplicative structure of matrix elements of J in a special
basis. This idea was realized in Ref. 4 (v=1) and in Ref. 5 (v>=1), where it
has been proved that 7 is unitarily isomorphic to the so-called mul-
tiplicative clustering operator. For this reason, the present paper concen-
trates on multiplicative and additive clustering operators.
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Among the results concerning the spectrum of the operator  for the
Ising model at high temperature we note the work of Malyshev and
Minlos,® where the authors separate n-particle invariant subspaces, and
the papers,”® in which the absence of two-particle and three-particle
bound states is proven. There exists a conjecture, connected with the above
results, called a “quasi-particle picture,” which says that 7 is unitarily
equivalent to I'(J | ,,)) in I", (), where #] is the one-particle subspace
of  and I, (A#]) is the symmetrie Fock space constructed over #, (see
Ref. 9).

In the present paper we shall prove one step of the “quasi-particle pic-
ture,” the formula (0.1). This result is a generalization of the HVZ Theorem
about the spectrum of the multiparticle Schrodinger operator (see
Refs. 10,11) to multiplicative clustering operators. Equation (0.1) reduces
the localization of the spectrum of J to finding its bound states. The next
step would be the investigation of the absolute continuity of ¢(.") in #-par-
ticle subspaces. We put this off for forthcoming papers.

The author thanks V. A. Malyshev for valuable discussions.

2. NOTATIONS AND STATEMENT OF THE MAIN RESULT

Let C," be the set of all finite subsets of v-dimensional integer lattice
Z'. We consider the Hilbert space

H = 1,(Cyv)

with orthogonal basis (e, T'e Czv)

eT(T’):éT’T', T, T/GCZV

Definition 2.1. The self-adjoint operator 7 in # is called a mul-
tiplicative clustering if its matrix elements have the following expansion

(eg, Teg)=1

s 2.1
enger)=Y Y [lew.ry, Torzs

s2 1 {LyL))i=1,.s} i=1
where the summation is over all (unordered) partitions
{(Ly, L)y (Ly, L)} of the pair (7,7) (e, UL,=T, UL/ =T,
LnL;=L;nL;=0 for i# j), such that

L,#9 Li#0 i=1,.,s
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The (clustering) functions (L, L'y=w” (L, L’) satisfy the following
properties
(a) o(L+x,L'+x)=w(L,L') xeZ' where {x,.,Xx,}+x=
{xy+ x,.., x,+ x} (translational invariance)
(b)Y w(L, L'Y=w(L', L) (self-adjointness)
(c)
0<w({0};{0})=4A<1 and lo(L, L')| < MA(1 — L) por

it |JLUL|=2 (2.2)

where M >0, 0< f <1 are constants, |B| denotes the cardinality of the set
Bc 7" and dg is the minimum length of the tree graph connecting points of
the set B. (The metric in Z” is given by the formula

d('x17 x2) = Z |x1(f)_x2(i)}’ xj= (xj(l)r--’ -xj(l))’ _]= 1’ 2)

Remark 2.71. (a) The authors (see Refs. 4, 6) usually use the
following stronger than (2.2) estimate

lo(L, L')] < MBéroror=n

which is satisfied for transfer matrix 7, of the Ising model (with continuous
or discrete time) when 7 is greater than certain constant ¢, > 0. The bound
(2.2) is sufficient for purposes of this work and contains the cases of great
and small 7.

(b) There exists a notion of additive clustering operator H, which
appears as the generator (Hamiltonian) of the semigroup Z, of transfer
matrices of the (v + 1)-dimensional Ising model with continuous time.!'?)
Its matrix clements satisfy the expansion

(er, Hep) = Z w(L, L") (2.3)
B#LeT.0%L =T
TNL = T\L’
where the functions o = @’ satisfy the following properties
(i) ol,LY=w{L+x, L'+ x) xeZ’
(il)) o(L,L)Yy=w(l, L)
(i) ({0}, {0})=a>0 and |w(L, L) < MB%-r
if ILul'}=2 (2.4)

where M >0 and 0< i <1 are constants not depending on L, L.

822/43/1-2-8
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It turns out that e "7, r>0, is a multiplicative clustering operator
with parameters A=e¢~* and f/, - 0 as f — 0 (see Ref. 13). Therefore, the
analysis of the spectrum of H is equivalent to the analysis of the spectrum
of the multiplicative operator e = for > 0.

(c) The definition of general clustering operators and their basic
properties are given in Ref. 12.

We recall now certain known results about the clustering operators
and introduce some notations. The letter 4 will denote either J or H.

Denote
L,={fe#  f(T)=0 if |T)#n}

0=, LU=y OIL, (2.5)
A=Al 0 AV =A]|

In the space ¥V acts the group Z' by translations
Uer=er_, xeZ’ TeCy

The operator A commutes with this action and hence we have the
following direct integral representation

gm:j LW dg A<1>=f AW dA (2.6)
.

T

where T" is v-dimensional tori and

L= {f T +x)= V(T | flR

1
= ¥ A<}
T:%T|T|
A(/11):A|:f<,}’
Denote also for AeT”
PO = Lﬂ@ FORLY , di

TO=(TOQTW)| 40 (2.7)

HY =(HY®id+id® HV)| 4

Theorem 1. Let & be the multiplicative clustering operator with

parameters 4 and . Then for 4 sufficiently small and for any Ae T
0,5s(T D)y =0(T 2) (2.8)

ess(
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(Here o (o, or o,) denotes spectrum (essential spectrum or discrete
spectrum)).

For A=9 or H we denote 4 = one-particle invariant subspace (see
Refs. 3, 6)

%(A(l)) = U O'd(A%))
AeTY

(2.9)
A= o d

Tv

where J#, ,=span {eigenvectors with eigenvalues of finite multiplicity of
ADY.
Consider now the space

RB=1T(A)
In this space acts the group Z” via the translations U,. Hence
B = %, dA
™°
where

B,=C,,@ D | Hop® - S,

In the space # acts the operator D =I(J | #;)= | D d, commuting with
the action of Z". Therefore we have an infinite particle system (%, U,, D")
homogenous with respect to the translations and with dynamics defined by
the operators D", te R. From Theorem 1 follows the following result.

Theorem 2. The joint spectrum (a subset of T'xR') of trans-
lations and transfer-matrix of the Ising model, is the same as that one in
the above free system.

Theorem 2 has some obvious consequences.

Corollary 2.1. (a) The spectrum of 7 forms a semigroup
o(7)={0) u@ (0T V) = o(D)

(b) o(I(T | 4))ca(7)

© o= ¥ ouHY)=o(dl(H],,))

n=0i=1

(d) a(dl(H|x,))<o(H)
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The property (d) of Corollary 2.1 for H (a Hamiltonian of the Ising
model with continuous time) was proved by Malyshev in Ref. 9 with the
help of the scattering theory methods. Corollary 2.1 gives the description of
the spectrum of the operator F (or H) in terms of thresholds as in the
HVZ Theorem about the essential spectrum of the Schrodinger operator
(see Refs. 10, 11). This makes possible the construction of the scattering
theory for clustering operators.

Theorems 1 and 2 can be easily generalized to the lattice systems with
bounded spin in the domain of existence of exponentially regular cluster
expansion. The author hopes that some analogies of Theorems 1 and 2
hold for unbounded spin lattice systems and for continuous P(¢), quan-
tum field theory.

Proof of Theorem 1 consists of two parts corresponding to the
inclusions

o7 P)co(T)  and o (T W)ca(T D)

and is given in the next two sections. The proof of Theorem 2 we put off to
the last section.

3. PROOF OF THE INCLUSION 6(7 ) c 0,.(7)

Since 0.(7 P)=0(F ) (see (2.7)) it is enough to prove the
inclusion

o(T D)= o(TY) (3.1)

The idea in the proof of (3.1) is simple. If 1€ ¢(7 (?) then one can choose
the approximate eigenfunction of 7 ) of the form ¢(T;) - @,(7>), where
p,e LY, i=1,2, (A, +A,=A), are approximate eigenfunctions of 7 ()
with eigenvalues 4;,, 4,4,=A. The function ¢(T)=3 @ (T,) @,(T,+ 1),
where we sum over such T, T, that T=T, U (T, +¢) and |« is large is an
approximate eigenfunction of 4 ) with eigenvalue A. This is due to the
independence (clustering) of the matrix clements of 4 at large distances
(see 2.2).
In order to be precise we define a map

G: g(l)@g(l)_)g(l)
Go(T)= Z o(T,, T,), e VR FW, TeCy (3.2)

T #0,T2%0
TywTy=T
T'nT2=0



Localization of the Spectrum of Transfer Matrix of Ising Model 115

Lemma 3.1. The restriction of G onto ¥ defines the (unboun-
ded) operator G : ¥ —» ¥

Proof. Any element of #‘? can be represented as a function ¢ of two
variables such that

(D(Tl +x, T2+x)=€2ni(X’A)(p(T1, Tz) Tl’ T26 sz XEZV
and (3.3)

1
lol %o = > = lo(Ty, T1)|* < o0

T1,T:0e T),T7#0 iT1|

From this Lemma 3.1 follows.
We introduce also the unitary operators

S, VLV phgrd) te?’
by the formula
STy, T1)=(T, T, +1) pe VLW T, T,eCyp (34)

Lemma 3.2. The operators S, leave the expansion
V@2V =|[ 2002 didu

invariant and commute with the operator 7 V' ® 7 ).

Proof. 1t is a simple consequence of definitions.
Assume that 1e (7 ). Then for every ¢>0 there exists € £,
Il =1, such that

LD —A) bl <e (3.5)
We can assume that ¢ is finite in the sense that the set
{(T,,T,):0e T, y(T,, T,) #0}

is finite. Let us define
W, =GSye#rP (3.6)

We show that for large |¢| ,# 0 and y, is an approximate eigenfunction of
the operator #‘P with eigenvalue A (see Lemma 3.3 and 3.4 below). This is
enough to the proof of the inclusion (3.1).

Lemma 3.3. If |7 is sufficiently large then ¢ ]| w1 > L.
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Proof. Let us fix a certain order for each set T< Z* (lexicographic,
for example). Then we obtain

VD)= Y (T, T+ )= ¥ (T) (3.7)

T1#0,Th#90
T\wT,=T
TInT=0

where each ¥ corresponds to the different partition « of the set
{1,.., n(a)}, n(a)=|T} =2, 3,.., into two subsets. Because ¥ is finite y®
have nonintersecting supports for large 7| and [[y®| o0 = | P,¥] 2@,
where P, is the orthogonal projection onto L, (see (2.5)).

Lemma 3.4. We have an estimate

(TP =2y, | 2p<3e
for large |1].

Proof. By (2.1), (3.3), and (3.4) we have
L7~ )¢, NT)

s 2 T Mot oy] -

T+ s=1 {(L,L)} 1

-{ » &WH,E§=an+an+NxD

=T
where
N(T)= Y Y [{o(Ly LYY(T,, Th+1) (3.8)

T{#0,Ty#0 {(LsL])}
T nT,=9

Ny(T)=— ¥ ) DIEDY

Ti#0,T2#0 T1#0,T,#0 {(L,L)} {(L,L)}
TywwT)=T 7—*(\7*#0 partition partition
TinTy#0 of (T1,T}) of (T2.7%)

(3.9)
x{nmuiunmhz@wwua+n
Ny(D)= Y [(TP=SYUT,, T,) (3.10)
TY#0,T7+6
nirle

where the summation Y in N,(7) is over such partitions {(L,, L)} of the
pair (7, Tyu T5) that L;nT7+#@ and LN T5#0 for certain i. Proof of
Lemma 3.4 will be ended if we prove the following
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Lemma 3.5. We have

(a) [N —0as 1] - o0
(b) N,=0 for large [f|
(¢} N5l < 2¢ for large |1

Proof. {a) We change the order of summation in (3.8): we first sum
over T"#@, next over partitions {(L;, L])} of the pair (7, T") and at the
end over partitions (T, T5) of the set 7", which satisfy the condition

LinT,#0 and LinT,#90 for certain i (3.11)

The number of partitions (T, T%) is bounded by a constant D depending
only on ¥ (because of finiteness of 1/). Hence we obtain

IN(T) <D Y > Tlle(L, L))

1< |T<n {(Li,L)}

“sup [Y(T7, Th+ 1)) (3.12)
.1

where n=n(y) and sup is over partitions (7", T5) of the set T" satisfying
(3.11). We choose a number i, for which the condition (3.11) is true and
denote L"=L;nT}, L =L/ T,. By (2.2) we have

|CU(L,—, Ll/)| SMA(I _)h) ﬁdK[uL!'<MIB(I/Z)M+(1/6)dLl.uL"u(L”’+r) (313)

One can prove the inequality (3.13) using the fact that y is finite. The pair
(T1, T3) is such that T%+¢ lies near T, and then L” is far from
L"(dy, ., ~>|t| —const). Considering the cases: drorrowrsn<3lt
(here d;, o231t +4dy,0 104 ry + const), and drorrowvn>3 1
(here dy, 101w 2 dporrowrin—t|—const = —1|1+1 Ao owsnt
const), we get (3.13).

From (3.12) and (3.13) we have

NATI<D O Yy ] Mgt

T <n {(LiL])}

where f, = "%, Now we use the results of Ref. 6.1. From Lemma 2.2 and
corollaries from it in this work it follows that

Iy =D, f2M sup L
rez T:OET‘TI
Al <1

x Y > [T M it f(T))

T:Tl<n {(LyL})}

< const 2N, as |t » o
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(b) Nullness of N,(T) follows from the fact that in (3.9)
W(Ty, To+1t)#0 iff T} and T+ ¢ lie near each other and have no large
diameter. But in this case 77 n 75 =0 and the sum 37 in (3.9) is empty.

(c) By Lemma 3.2

Ny(T)= 3 (SAT P =D ¥)T,, T5)=(GS(TZ =) y)(T)

.7
=Y 1“(T)

where the sum >, is over such volves of « as in (3.7). Here the functions
¥“) have no nonintersecting supports for different o’s but

™, y#Y->0 as |tj—-o0  for a#f

(It follows from the finiteness of i and exponential decay (2.2) of clustering
functions.) From finiteness of i, boundness of "), and points (a) and (b)
of Lemma 3.5 we obtain that |N,| is bounded uniformly in |¢]. Thus

INsI2 =2 0™ as [t - o0

and the following chain of simple inequalities

ZHX‘“’HJ % Zmbﬂ(“) (D

T:0eT a
1
= (ST P =) YTy, To)?
T AT T T
Tlrw,Tz=0

<IS(T B =)yl <e

finishes the proof of Lemma 3.5.

4. PROOF OF THE INCLUSION o (7 ") co(T )

This inclusion corresponds to the hard part of the proof of the HVZ
Theorem (see Refs. 10, 14). We need show that o(F (P\e(Z (P) consists
only of eigenvalues of finite multiplicity. By Ref. 14 it is equivalent to the
fact that for any function f/: R — R with compact support not intersecting
a(T @) the operator f(7}) is compact. The idea of the proof of this is in
approximating the operator /(7 (') by evidently compact operators.

In the sequel we use a certain translationally invariant partition of
unity j, in C3,={TeCy :|T| >2} (analogous to that one used in Ref. 14).
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Let
W= Ix—yl

x,yeT
d(T,, T,)=min{lx— yl :xe Ty, ye Ts}
The functions j, of this partition are labeled by the partitions « of the sets
{1,.., n(a)} into two subsets. Fixing the lexicographic ordering of the sub-

sets of Z* we have a correspondence between o’s and partitions of the sub-
sets T of 2°, |T| =n(a), into two subsets T, and T,,.

Lemma 4.1. There exist functions j, on C%. such that:

@) JdT+x)=j(T), xeZ®

(b) X =1

(€) JuATy=0if d(Ty,, To) <IITI - |T17> or |T] #n(a)

Proof. (We follow to Ref 14). We put j(T)=0 if
d(Ty,, T,,)<ITI - 1T| =3 or |T| #n(«) and 1 in other cases. We define
Ju=J (3 )" If we show that 3 j.>0 then Lemma 4.1 will be proved.
Let T<cZ’, 2<|T] <. We choose x, yeT such that |x—y| is the

greatest possible. Then r=|x— y| > || T - |T| > We fix coordinates in R®
such that x = (0,.., 0) and y = (r, 0,..,, 0). Consider the domains

I—1 /
RIZ{Z:T(T!~1) <Z(l)<_——_lTlr—1}

We see that at least one domain R, contains no points of 7. Then the par-
tition (T, T,,), where T,,(T,,) contains points laying in the left (right)
side of R, is the partition, for which j,(T)#0.

We introduce also the functions J {(T)=1 if [[T<K and 0
otherwise; J. x=1—J . Define the operators

F . 3’2” A
Fo(T,, T,)=p(T,uT,) if T'=(T\uT,), and T,=(T,0T,),,
=0 otherwise (4.1)

The following identity is obvious
ATD)
= (T D)V <k + Y GAT D) Fjod ok
+2 NI D)= GAT D) F*] jud -k

=0,+0,+0; (4.2)
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The required assertion follows then from the following:

Lemma 4.2.

(a) Q; is compact

(b) @,=0
() Qs »0as K— o0

Proof. Part (a) is true since the operator J . is compact. Part (b)
follows from our choosing of f. The point (c) is enough to prove in the
cases, when f(4)=1 and f(1)=4. (This is due to the compactness of

a(7).)

Let f(4)=1. Then Gf(7 ®) F*= GF* It is easy to see that the matrix
elements of GF* equal to (e;, GF¥er) =07 70,7 4x) Therefore @5;=0 in
this case.

Let f(A)=A. Then

(eTa(a-(l) G'/ Z)F‘l)]a >K€T)

=( Yo )Hw(L.-,L;)(jaJM)(T')
HLLL)} {(LiL))} -
L,CT,luorTéﬂ

- Z H L,, L; ) Ja >K)(T’)

where the sum Y’ runs over such partitions {(L,, L})} of the pair (7, T")
that

LinT,#0 and LnT,,#0 for certain i (4.3)

Next, if L;n T, #0 and L]~ T, #@ then by Lemma 4.1(c)
(L, Lo - k)(T) < My DT T A2 L
< ]W1Bk/zlrlp(ﬂﬂdL’UL’C (4.4)

where f,=p> Indeed if d(T,, Th,)>K/|T'|* then dﬁ)d( s Tha)
and hence d, ;> 3d(T,, T5,) +3d,,. 1 and if d(TY,, ' V< K/|T'|* then
(Jud = )T =0 and (4.4) is also true. From (4.4) we get the estimate

(7, (T = GT PF) j,J . ker)l

< BFATY Y T M, Bt (4.5)

{(LoL)}



Localization of the Spectrum of Transfer Matrix of Ising Model 121

Because the number of partitions of the set 7" into two subsets equals
21711, it is not difficult to show that (4.5) implies the inequality

“ P, Y (T —GT OF) j,J . x Py | < P27(DB "m0, D>0
| a

where P, is the orthogonal projection onto L, (see Corollary 1 from
Lemma 2.2 in Ref. 6.1). From this the convergence ||Q;] - 0 as K— oo can
be easily derived. Lemma 4.2 is proved.

5. PROOF OF THEOREM 2

The assertion of Theorem 2 is equivalent to the equality
g(D,)=0(F,) for every AeT".

In order to show the inclusion ¢(D,)ca(J,) we observe that by
Theorem 1

J(‘O/_(Al)) = O-d(f/_%)) U O 5—511))

where

Uess(jg)) =

A+ Ay=A

AT AT W)U
A+ Ay A

— U U no.d(g*(Ali))u
nz2 T A4=4 1
But ¢(D,)={0}UU,20Uss-s[T0/7{) and from the above our
inclusion follows.

Obviously, Oeag(D,). Let now 0<led(7 (). Then either (i)
lea (T W) or (i) Ae g (T ). In the case (ii) by Theorem 1 iea(F D)
and hence A=14,/,, where A, ea(7Y)), i=1,2, A, +4,=/4. Now cither
A €0 (7)) or not. In the second case A, = A3, ctc. Since each 4, is less
than certain constant A,<1 (mass gap) then this procedure finishes at
some step. Therefore A=4,,..,4,, where Aea,(7 ), > A,=A. This
means that Aeg(D ). Theorem 2 is complete.
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